A latin trade is a subset of a latin square which may be replaced with a disjoint mate to obtain a new latin square. A d-homogeneous latin trade is one which intersects each row, each column and each entry of the latin square either 0 or d times. In this paper we give a construction for minimal d-homogeneous latin trades of size dm, for every integer d 3, and m 1.75d 2 + 3. We also improve this bound for small values of d. Our proof relies on the construction of cyclic sequences whose adjacent sums are distinct.
Introduction
Latin trades originated from research on critical sets (minimal defining sets in latin squares) [15] and the study of intersections between the operation tables of quasigroups (which are equivalent to latin squares) [13] . Recently, a number of geometric and algebraic interpretations of latin trades have emerged [9] [10] [11] .
Latin trades of small size (up to 11) are classified in [8] or, alternatively, in [12] . Some basic properties of latin trades are given in [8, 12] . (In the latter paper latin trades are referred to as exchangeable partial groupoids.) As discussed in [18] , latin trades may be applied to the compact storage of large catalogues of latin squares. Results on other kinds of combinatorial trades may be found in [17, 16] .
Some reasons for interest in d-homogeneous latin trades are: (1) they often occur in the operation tables for groups (see, for example, [3] ); (2) they often partition into disjoint partial transversals (those constructed in this paper in particular have this property); (3) they often have, compared with other latin trades, large size with respect to the order of the latin square they are contained in (again, see [3] ). The last property indicates that d-homogeneous latin trades may be useful in locating small critical sets in latin squares, as a critical set must intersect every minimal latin trade in the latin square. (This is a motivation for requiring the latin trades in this paper to be minimal.) A study of the spectrum of d-homogeneous latin trades (without the additional requirement of minimality) is given in [2] .
A survey of results on critical sets may be found in [15] . Currently the best-known lower bound for the size of a critical set in a latin square of order n is (4n − 8)/3 [14] . The smallest critical sets of order n so far constructed have size n 2 /4 and exist in the back circulant latin square B n , the latin square based on the addition table for the integers modulo n [7] . It is conjectured, for example in [1] , that no smaller critical sets exist.
Definitions
Let N = {0, . . . , n − 1}. A partial latin square P of order n is a set of ordered triples of the form (r, c, e), where 1 r, c, e n with the following properties,
• if (r, c, e) ∈ P and (r, c, e ) ∈ P then e = e , • if (r, c, e) ∈ P and (r, c , e) ∈ P then c = c and • if (r, c, e) ∈ P and (r , c, e) ∈ P then r = r .
We may also represent a partial latin square P as an n × n array with entries chosen from the set N such that if (r, c, e) ∈ P , the entry e occurs in cell (r, c). (In this sense, r stands for "row", c for "column" and e for "entry".) A partial latin square, P, is non-trivial if P = ∅.
A partial latin square has the property that each entry occurs at most once in each row and at most once in each column. If all the cells of the array are filled then the partial latin square is termed a latin square. That is, a latin square L of order n is an n × n array with symbols chosen from the set N = {0, . . . , n − 1} in such a way that each element of N occurs precisely once in each row and precisely once in each column of the array.
For a given partial latin square P the set of cells S P = {(r, c)|(r, c, e) ∈ P , for some e ∈ N } is said to determine the shape of P and |S P | is said to be the size of the partial latin square. That is, the size of P is the number of non-empty cells in the array.
For each r ∈ N, let R r P denote the set of symbols occurring in row r of P. Formally, R r P = {e|(r, c, e) ∈ P }. For each c ∈ N, we define C c P = {e|(r, c, e) ∈ P }. Finally, for each e ∈ N , we define E e P = {(r, c)| (r, c, e) ∈ P }.
A partial latin square T of order n is said to be a latin trade if there exists a partial latin square T (also of order n) such that: The partial latin square T is called a disjoint mate of T. The choice of T may not be unique. We thus sometimes refer to the pair (T , T ) as a latin bitrade. A latin trade T 1 is said to be minimal if there exists no latin trade T 2 such that T 2 ⊂ T 1 . In the past a latin trade has also been called a latin interchange, or an exchangeable partial groupoid.
A latin trade T of order n is said to be d-homogeneous
A minimal 2-homogeneous latin trade is equivalent to a 2 × 2 latin subsquare, known as an intercalate. Constructions for 3-homogeneous latin trades of size 3m for each integer m 3 are given in [5] . It is shown in [4] that this construction in fact gives every possible 3-homogeneous latin trade. Constructions for minimal 4-homogeneous latin trades of size 4m for each even integer m 8 are given in [6] .
In this paper, we construct minimal d-homogeneous latin trades of size dm for each d 3 and m 4d 2 + 3.
It remains an open problem to determine the minimum possible size of a minimal d-homogeneous latin trade. If m = d, the d-homogeneous latin trade is equivalent to a latin square of order d, which cannot be a minimal latin trade for n 3.
The construction
Before we give our construction for d-homogeneous latin trades, we must define a sequence with particular properties. The issue of constructing such sequences is dealt with in the next section. 
A good sequence is termed cyclically good if, in addition,
. Let x max be the largest term in this sequence, and let m be an integer such that m 2x max + 1. Then we define T (
to be the following partial latin squares of order m, with rows, columns and entries each calculated modulo m:
For ease of expression, in the proofs of the subsequent lemmas wee will make the following conventions. The subscripts of the sequence elements will always be calculated modulo d. (So, for example, x d+1 = x 1 .) All other calculations will be taken modulo m, where m is as in the above definition. For all 1 i, j d, we note x i + x j < m, and so we will dispense with the equivalence modulo m notation and simply equate rows and columns where necessary. Finally, for the remainder of this paper it will be assumed that all good/cyclically good sequences are of length d, and for ease of notation we will let
Lemma 3. Let T and T be as in the previous definition. Then for each element (r, c, e) = ( ,
+ x j , − x j −1 ) ∈ T , there is a unique row r (= + x j − x j −1 ), a unique column c (= + x j −2 ) and a unique entry e (= − x j +1 ) such that (r , c
, e), (r, c , e), (r, c, e )
∈ T , r = r , c = c and e = e .
Proof.
Consider an arbitrary element ( , + x j , − x j −1 ) ∈ T . We need to show that there exists a unique row r , a unique column c and a unique entry e such that (r ,
Consider the first of these three. From the previous definition an arbitrary element of T is given by ( , + x k , −x k+1 ), for some 0 m−1 and 1 k d. Thus, it suffices to show that (r , +x j , −x j −1 )=( , +x k , −x k+1 ) has a unique solution for r , and k. Eliminating from the equations
gives x j + x j −1 = x k + x k+1 . From Conditions 2 and 4 of Definition 1, k = j − 1 is the unique solution to this equation. It follows, in turn, that r = = + x j − x j −1 or equivalently
Next we prove that there is a unique column c , such that ( , c , − x j −1 ) ∈ T . We need to show that ( , c ,
) has a solution for c . Clearly = , k = j − 2 and c = + x j −2 is the unique solution required.
Finally, ( , + x j , e ) = ( , + x k , − x k+1 ) has the unique solution = , k = j and e = − x j +1 .
Clearly T and T have the same shape. It is also easy to check that each row, column and entry of T occurs exactly d times. We thus have the following corollary to the previous lemma.
Corollary 4. Let T and T be as in Definition 2. Then (T , T ) is a d-homogeneous latin bitrade.
Next we work towards establishing the minimality of the latin trade T. 
Lemma 5. Let T and T be as in Definition

Proof. Consider an arbitrary element (r, c, e)
Note that since
This occurs precisely when
From Conditions 2 and 4 of Definition 1, there are two possible solutions:
Corollary 6. Let T and T be as in Definition 2. Then T is the unique disjoint mate of T.
Proof. Suppose that T is a disjoint mate of T. Then for each (r, c, e) ∈ T , there must exist e = e such that (r, c, e ) ∈ T and e ∈ R Further (r, c, e ) ∈ T and since (U, U ) is a latin bitrade, (r, c, e ) ∈ U . Then, since
Lemma 8. Let U ⊆ T be a latin trade with disjoint mate U and (
For the inductive step assume that for some i ∈ {1, . . . , d},
We wish to verify the result for i −1; in other words we wish to show
By Eq. (2) above, Lemmas 3 and 7, there is a unique such that 
This is sufficient for the proof of the lemma. For the inductive step assume that for some i ∈ {1, . . . , d},
We wish to verify the result for i + 1, in other words we wish to show that
By Eq. 
This is sufficient for the proof of the lemma.
Theorem 11. Let T and T be as in Definition 2. Then T is a minimal latin trade.
Proof. Let U ⊆ T be a latin trade with disjoint mate U , and let (r, c, e) ∈ U . Then by Corollary 9, U has d entries in column c namely 
How to make a good sequence well
We have seen in the previous section that a cyclically good sequence of length d can be used to construct a minimal d-homogeneous latin trade. The next task at hand is to construct good sequences. We present two approaches to this problem: a theoretical approach that gives a good sequence of length O(d 2 ); and a computational approach, in which cyclically good sequences of minimal maximum values are listed for small values of d.
First we observe that any good sequence of even length may easily be extended to a cyclically good sequence. Let x 1 , x 2 , . . . , x d be a good sequence for which x i − x j = 1, for some i and j satisfying i − j ≡ 0 (mod 2). Let x max be the maximum element of this good sequence. Then
Lemma 12.
is a cyclically good sequence.
Good sequences that grow quadratically
The following lemma has an easy proof. Let x 1 , x 2 , . . . , x d be a (cyclically) good sequence and a positive integer greater than or equal to 0.
Lemma 13.
A modified version of the Fibonacci sequence is a suitable candidate for a good sequence, as shown below.
Lemma 14.
The sequence defined by
Proof. We have x 3 − x 1 = 1 and clearly the terms are pairwise distinct, so Conditions 1 and 3 of Definition 1 are satisfied. Suppose that x i + x i+1 = x j + x k for some i, j and k. It is easy to check that {j, k} = {i, i + 1} is the only possibility for any value of i. Thus Condition 2 of Definition 1 is also satisfied. Now, the Fibonacci sequence grows exponentially, so our resultant d-homogeneous latin trade will have order exponential in d. Ideally we would like our latin trade to be as large as possible with respect to the order of the latin square. In this sense it turns out that the Fibonacci sequence is far from the ideal construction. We can, in fact, construct a good sequence that grows quadratically with respect to d. Let x 1 , . . . , x d be a good sequence such that x i − x j = 1, for some i and j satisfying i − j ≡ 0 (mod 2).
Lemma 15.
is also a good sequence, with the property that x i − x j = 1, for some i and j satisfying i − j ≡ 0 (mod 2).
Proof. We assume that x i + x i+1 = x j + x k for some i, j, k, such that 1 i, j, k 2d + 1 and {j, k} = {i, i + 1}, and obtain a contradiction. We assume, without loss of generality, that j k.
Case
Case 3: i =d +1. Then x i +x i+1 =5M +x 1 +m. As x k 4M, we must have x j M +x 1 +m. But M +x 1 +m > x j for all j , 1 j d. If j = d + 1 then by the distinctness of terms we must have k = d + 2, contradicting {j, k} = {i, i + 1}.
is a good sequence, from Lemma 13, 3M + x 1 , 3M + x 2 , . . . , 3M + x d is also a good sequence. So the only possibility is if j d + 1. Then,
Roughly speaking, with the preceding lemma we can double the length of the sequence whilst the value of the maximum element is quadrupled. Applying this lemma recursively to an appropriate initial sequence yields a sequence that grows quadratically in d. (2(2(2d + 1) + 1) + 1) . . .
For the largest term in the sequence S i , we note that the largest term in S 1 is given by 4M. Hence the largest term in S i will be given by 4 i M. We finish this section by formalizing this process to get an exact quadratic bound in the following theorem. 
Whether this quadratic bound can be improved remains an open problem. The next subsection indicates that it certainly can for small values of d.
Minimal good sequences found by computer for n 15
In Table 1 we give good sequences of length d with the smallest x max value found by computer search. In the table, the column labeled "A sequence" gives an example of a good sequence of length d and the final column gives the number of distinct sequences of length d with largest element x max . (We consider two sequences isomorphic if one is the reverse order of the other.) 
Minimal cyclically good sequences found by computer for n 15
In Table 2 we give cyclically good sequences of length d with the smallest possible x max value found by computer search. In the table, the column labeled "A sequence" gives an example of a good sequence of length d and the final column gives the number of non-isomorphic sequences of length d with largest element x max . (We consider two sequences isomorphic if they are cyclic shifts of each other.)
